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The foldings of a graptQ are defined as follows. First, a graph G is a folding 
| of itself. Now suppose that G is not complete. Let G' be a graph obtained from 

G by identifying two vertices at distance 2 in G. Then every folding of G' is a 
F ^ \ folding of G. The folding number of G, denoted by f(G), is the minimum order 

of a complete folding of G. These concepts were introduced by Gervacio et al. 
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jo], who determined the folding number of wheels and fans. Here we prove the 
following more general theorem, where x(G) is the chromatic number of G. 

\ Theorem 1. For every graph G, 

^ : f(G) = X (G). 

^— > 

Proof. First we prove that x(G) < f(G). We proceed by induction on |V(G)[. In 
the base case, if G is complete, then /(G) = |V(G)| = x(G), and we are done. 
Otherwise, by the definition of folding-number, there is a graph G' obtained from 
■ G by identifying two vertices v and w at distance 2 in G, such that f(G') = /(G). 

^ ■ By induction, x{G') < f(G'). If v and w are identified into a vertex x, then the 

colour assigned to x in a colouring of G' can be assigned to both v and w (since 
v and w are not adjacent, and every neighbour of v or w in G is a neighbour of x 
in G"). Thus X (G) < x(G') < f(G') = f(G). 



We now prove that /(G) < x{G), again by induction on |V(G)|. In the base 
case, G is complete and f(G) = \ V(G)\ = x(G)- Now assume G is not complete. 

We claim that G has a x(C)-colouring such that some pair of vertices v and 
w at distance 2 receive the same colour. First suppose that G is an odd cycle. 
Then x(G) = 3. Colour one vertex 'red', and colour the remaining vertices 'blue' 
and 'green' alternately around the cycle. This defines the claimed colouring. Now 
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assume that G is not an odd cycle. Take any A(G)-colouring of G. We have 
x(G) < A(G) by Brooks' Theorem 0], where A(G) is the maximum degree of G. 
Let u be a vertex of degree A(G). Two neighbours v and w of u receive the same 
colour, as otherwise we have A(G) + 1 colours. Now v and w are not adjacent 
since they receive the same colour. Thus v and w are at distance 2. This proves 
the claim. 

Let G' be the graph obtained from G by identifying v and w. Since the x(G)- 
colouring of G defines a colouring of G', it follows that x(G') < x(G)- By induc- 
tion, /(G') < x(G'). Since G' is a folding of G, it follows that f{G) < f(G'). 
Therefore /(G) < /(G') < X (G') < x(G). □ 

Folding is similar to edge-contraction (that is, identify two adjacent vertices, 
and delete the resulting loop). Perhaps this is relevant for Hadwiger's Conjecture 
which, in light of Theorem 1, states that the minimum order of a complete folding 
of a graph G is at most the maximum order of a complete contraction of G. 

Theorem 1 suggests the following algorithm for colouring a graph G: 
While G is not complete, identify two vertices at distance 2, and repeat. 
First observe that this algorithm 2-colours every bipartite graph. Theorem 1 im- 
plies that there exists a choice of vertices to identify at each step so that this 
algorithm optimally colours the given grapfj§. Of course, choosing the right ver- 
tices is difficultly. A natural heuristic is to choose a pair of vertices with the 
maximum number of common neighbours. Then the maximum possible number 
of parallel edges are created when the chosen vertices are identified. But this 
heuristic says nothing for graphs with girth at least 5. 

Note: Since this paper was first released, I have discovered that graph foldings 
were actually introduced by Cook and Evans [5| in 1979, who proved Theorem 1 
with an identical proof to that presented here. Foldings have since been studied 
by a number of authors 0, Q, 0,13]. 
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"^Indeed, Gervacio et al. showed that the complete graph on approximately y/n/2 vertices 
is a folding of the wheel graph on n vertices. 
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